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Nonlinear parabolic equations on Riemannian manifolds
Herbert Amann
Institut für Mathematik, Universität Zürich, Switzerland,
herbert.amann@math.uzh.ch

We shall present some recent result concerning the local existence and regularity of nonlinear
parabolic boundary value problems on Riemannian manifolds. In general, the manifolds can be
noncompact and have singularities. Our results cover quasilinear problems in Sobolev space settings as well as fully nonlinear equations in a Hölder space framework. The results are new, even
in the standard Euclidean case.
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On the Laplace Parallel Plates Problem
Rajat Bhatnagar1,∗ , Robert Finn2
Verge Genomics, San Francisco, USA,
∗ raj.bhatnagar@gmail.com
2 Department of Mathematics, Stanford University, USA
1

Laplace considered two parallel plates Π1 and Π2 making respective contact angles γ1 and γ2 with
a fluid, and immersed vertically into an infinite bath of the fluid in a vertical gravity field. He gave
persuasive reasoning to show that according as Ψ(γ1 ; γ2 ) ≡ γ1 + γ2 − π < 0 or > 0, the fluid
surface between the plates rises or falls unboundedly as the plates are brought together; he seems
not to have considered the case of equality. We present a new and more complete description of
these behaviors, and establish that if Ψ(γ1 ; γ2 ) = 0 then the fluid surface tends to an inclined
infinitesimal strip attached to the undisturbed level at infinity.
We describe also experiments that verify the predictions in the cases of inequality. The verification proceeds via electrocapillarity phenomena, and in that sense has also independent interest.
The height estimates lead to corresponding estimates for the forces between the plates, which
relate to earlier ones obtained by Aspley, He and McCuan.
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Singularity formation in geometric flows
Simon Brendle
Columbia University, JAV,
simon.brendle@columbia.edu

I will consider hypersurfaces in Euclidean space Rn+1 evolving by mean curvature flow. If
the initial hypersurface is convex, it is well known that the flow shrinks to a point and becomes
round after rescaling. If n > 2 and the initial hypersurface is 2-convex (in the sense that the sum
of the two smallest curvature eigenvalues is positive), Huisken and Sinestrari were able to give a
complete classification of the singularities (which are modeled on shrinking cylinders); moreover,
they were able to extend the flow by a surgery procedure similar to the one developed by Hamilton
and Perelman for the Ricci flow in dimension 3.
In this lecture, I will discuss how this result can be extended to the remaining case n = 2;
this relies on a sharp estimate for the inscribed radius under mean curvature flow. Moreover, I will
describe a similar surgery construction for a fully nonlinear flow, which allows us to treat 2-convex
hypersurfaces in Riemannian manifolds. This is joint work with Gerhard Huisken.
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A Floating Cylinder or Ball on An Unbounded Reservoir
Hanzhe Chen1,∗ , David Siegel2
1 University of Waterloo, Canada,
∗ h248chen@uwaterloo.ca
2 University of Waterloo, Canada
In the study of a circular cylinder horizontally floating on an unbounded reservoir in a gravitational
field directed downwards, Bhatnargar and Finn [1] gave the first example with two equilibrium
configurations. We give a complete study [2] of the number of equilibria, the floating configurations and their stability. The initial model has a limitation due to the possible intersection of fluid
interfaces that is not physically realizable. We show the stable equilibrium point never lies in the
intersection region, while the unstable equilibrium configuration may be physically unrealizable.
In addition, we illustrate the number of equilibria considering the intersection condition in the C
vs A plane, where A and C are two non-dimensional parameters. Examples with typical contact
angles (e.g. γ = 0, π4 , π2 , 3π
4 and π) will be given. For a ball floating on an unbounded bath, the
non-monotone relation between the height of center h and the wetting angle φ0 makes the problem
significantly different than the floating cylinder problem. The case γ = π2 will be discussed.
References
[1] Bhatnagar, Rajat, Finn, Robert, Equilibrium configurations of an infinite cylinder in an unbounded fluid, Physics of Fluids, 18, 047103, 2006.
[2] Chen, Hanzhe, Floating Bodies with Surface Tension, Master’s thesis, University of Waterloo,
2016.
[3] Finn, Robert, Equilibrium Capillary Surface, Springer-Verlag, New York (1986).

4

International Conference The last 60 years of Mathematical Fluid Mechanics:
Longstanding Problems and New Perspectives.
In Honor of Professors Robert Finn and Vsevolod Solonnikov
Vilnius, Lithuania, August 21–25, 2017

Uniqueness of self-similar solutions obeying the problems
of arbitrary discontinuity disintegration for the
generalized Hopf equation
Anna Chugainova
Steklov Mathematical Institute RAS, Moscow, Russia, anna ch@mi.ras.ru
Solutions of the problems of disintegration of an arbitrary discontinuity of the generalized Hopf
equation are under analysis. These solutions are constructed from the sequence of non-tipping
Riemann waves and shock waves having the stable stationary or non-stationary structure.
In [1, 2], devoted to investigation of the solutions of the Hopf equations with complex nonlinearity, for selection of discontinuities, which have been used for construction of the solution, the
request of existence of the stationary structure of the discontinuity has been posed. The structure
of discontinuities has been described by the generalized (in the sense of nonlinearity) Korteweg-de
Vries-Burgers equation. Appearance of the resent works [3, 4], in which spectral stability of the
solutions describing the structure is investigated, makes it possible to include effectively in the
notion of the permissible discontinuity the claim of stability of its structure and from this point of
view revise before obtained results. We call admissible (i. e. realizable in practice for disintegration of an arbitrary discontinuity) discontinuities with structure, having stability property.
Introduction of the request of stability of the structure in the notion of admissibility of discontinuities results in cutting down the set of admissible discontinuities, described in [1, 2], and
eliminate non-uniqueness of the solution of the problem about disintegration of the arbitrary shock,
discovered in previous investigations [1]. Furthermore, for construction of the solution of the problem we have used the discontinuities with structure, containing the internal periodic oscillations
(non-stationary structures). Variation of the quantities in such discontinuities may not coincide
with variation of the quantities in any discontinuities with stationary structure. It has been shown
[5] that the solution of the problem of disintegration of the arbitrary discontinuity in this setting
always uniquely exists.
References
[1] Kulikovskii A. G., Chugainova A. P. Modeling the influence of small-scale dispersion processes in a continuum on the formation of large-scale phenomena, Comput. Math. Math. Phys.,
44(6), 1062–1068, 2004.
[2] Kulikovskii A. G., Chugainova A. P. Classical and non-classical discontinuities in solutions of
equations of non-linear elasticity theory, Russian Math. Surveys, 63(2), 283–350, 2008.
[3] Il’ichev A. T., Chugainova A. P., Shargatov V. A., Spectral stability of special discontinuities,
Dokl. Math., 91(3), 347–351, 2015.
[4] Chugainova A. P., Shargatov V. A. Stability of discontinuity structures described by a generalized KdV-Burgers equation, Comput. Math. Math. Phys., 56(2), 263–277, 2016.
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L2-theory for two incompressible fluids separated by a
free interface
Irina Vlad. Denisova1,∗ , Vsevolod A. Solonnikov2,∗∗
1 Institute for Problems in Mechanical Engineering,
Russian Academy of Sciences, St. Petersburg, Russia
∗ denisovairinavlad@gmail.com, ira60@mail.ru
2 St. Petersburg Department of Steklov Math. Institute, RAS, Russia
∗∗ solonnik@pdmi.ras.ru, vasolonnik@gmail.com
We deal with the problem governing nonstationary motion of two viscous incompressible fluids
separated by an unknown interface and contained in a bounded vessel belonging to R3 . It is
assumed that the fluids are subjected by mass forces and the capillary forces on the interface.
Existence and uniqueness theorem for the problem in L2 -setting was proved on a finite time
interval determined by the norms of the data [1, 2]. The stability of a rest state for the problem
without taking surface tension into account was proved when initial velocities were small and mass
forces were decaying in an exponential way [3].
2+l,l+1/2
Now we continue to treat the problem in the Sobolev-Slobodetskiı̌ spaces W2
, l ∈
(1/2, 1), mass force being small and tending to zero as t → ∞ but not necessarily as an exponential function of t. We admit a more general decay of the right-hand side of the Navier–Stokes
equation. Moreover, we assume initial velocities to be small and an interface to be close to a sphere
at an initial instant. As before in [4], where the study was made in the Hölder spaces, the idea of
constructing a generalized energy is used for obtaining an exponential estimate, but now global
solvability is first established for a linear problem and only then for the nonlinear one. In addition,
Hanzawa’s transformation is used to reduce the smoothness of the free interface. It belongs to
W22+l . The result obtained implies the stability of a rest state, velocity vector field vanishing, the
interface tending to a sphere with center different, in general, from the position of the barycenter
of the inner drop at the initial instant.
References
[1] Denisova I. V. The motion of a drop in a flow of a liquid, Dinamika Sploshn. Sredy, 93/94,
32–37, 1989, (in Russian).
[2] Denisova I. V. Problem of the motion of two viscous incompressible fluids separated by a
closed free interface, Acta Appl. Math., 37, 31–40, 1994.
[3] Denisova I. V. Global L2 -solvability of a problem governing two-phase fluid motion without
surface tension, Port. Math. 71(1), 1–24, 2014.
[4] Denisova I. V., Solonnikov V. A. Global solvability of a problem governing the motion of two
incompressible capillary fluids, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI), 397, 20–52, 2011; (English transl. in J. Math. Sci. 185(5), 668–686, 2012.
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The global attractor for autonomous quasi-geostrophic
equations for the Navier-Stokes equations
Reinhard Farwig 1,∗ , Chenyin Qian2
Technische Universität Darmstadt, Germany,
∗ farwig@mathematik.tu-darmstadt.de
2 Department of Mathematics, Zhejiang Normal University, China
1

Consider the autonomous quasi-geostrophic equation with fractional dissipation in R2
θt + u · ∇θ + (−∆)α θ = f (x, θ)

(1)

in the subcritical case 1/2 < α ≤ 1, with initial condition θ(x, 0) = θ0 and given external force
f (x, θ). Here the real scalar function θ is the so-called potential temperature, and the incompressible velocity field u = (u1 , u2 ) = (−R2 θ, R1 θ) is determined from θ via Riesz operators.
Our aim is to prove the existence of the compact global attractor A in the Bessel potential space
H s (R2 ) when s > 2(1 − α).
The construction of the attractor is based on the existence of an absorbing set in L2 (R2 )
and H s (R2 ) where s > 2(1 − α). A second major step is usually based on compact Sobolev
embeddings which unfortunately do not hold for unbounded domains. To circumvent this problem
we exploit compact Sobolev embeddings on balls BR ⊂ R2 and uniform smallness estimates of
solutions on R2 \ BR . In the literature the latter estimates are obtained by a damping term λθ,
λ < 0, as part of the right hand side f to guarantee exponential decay estimates. In our approach
we exploit a much weaker nonlocal damping term of convolution type ρ ∗ θ where ρb < 0.

7

International Conference The last 60 years of Mathematical Fluid Mechanics:
Longstanding Problems and New Perspectives.
In Honor of Professors Robert Finn and Vsevolod Solonnikov
Vilnius, Lithuania, August 21–25, 2017

Piecewise constant subsolutions for the incompressible
Porous Media Equation
Clemens Förster1,∗ , László Székelyhidi Jr.2
1 University of Leipzig, Germany,
∗ foerster@math.uni-leipzig.de
2 University of Leipzig, Germany
A recent result by Castro, Córdoba and Faraco in [1] showed the existence of infinitely many weak
solutions of the incompressible porous media equations for all Muskat type initial data with H 5 regularity of the interface and in the unstable regime. The main ingredient for the proof was the
construction of a suitable subsolution, which was done analogously to the case of the flat interface
by Székelyhidi in [2] and leads to a nonlinear evolution equation for the sheet. In this talk I present
an alternative proof of this result. The density of the subsolution will be defined to be piecewise
constant. In particular, we can choose an arbitrary fine approximation of the continuous density in
[1]. The second main step is the observation that we can avoid solving the full nonlinear equation,
since a power series ansatz up to order two is sufficient for the construction. Moreover, this method
leads to a necessary regularity for the initial interface in the class W 4,1 (R) ∩ C 4,α (R). As already
mentioned in [1], we obtain a similar result for Muskat type initial data in the stable regime except
of the flat case.
References
[1] Castro. A., Cordoba. D., Faraco. D. Mixing solutions for the Muskat problem,
arXiv:1605.04822[math.AP]., 2016.
[2] Székelyhidi Jr.. L. Relaxation of the incompressible
Ann.Sci.Éc.Norm.Supér., 45(3), 491–509, 2012.
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Free boundary problem of magnetohydrodynamics for
two liquids
Elena Frolova
St.Petersburg Electrotechnical University, St.Petersburg State University, Russia,
elenafr@mail.ru

We consider the free boundary problem of magnetohydrodynamics in a bounded domain in R3 . It
describes the motion of a finite mass of viscous incompressible electrically conducting capillary
liquid inside the other viscous incompressible liquid under the action of magnetic field. The
interface between the liquids is unknown and subject to capillary forces. We prove local (in time)
2+l,1+l/2
solvability of the problem in anisotropic Sobolev-Slobodetskii spaces W2
, 1/2 < l < 1.
In order to reduce free boundary problem to a problem in a fixed domain, we use the Hanzawa
coordinate transform. The linearized problem can be decomposed in two parts: hydrodynamical
and magnetic. In the talk we will concentrate on the investigation of the corresponding linear
two-phase problem for magnetic field. Existence result for the nonlinear problem is obtained by
the successive approximations method.
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Parabolic Equation of Normal Type
Connected with 3D Helmholtz System
and Its Nonlocal Stabilization
Andrei Fursikov
Lomonosov Moscow State University,
Voronezh State University, Russia,
fursikov@gmail.com

The talk will be devoted to the normal parabolic equation (NPE) connected with 3D Helmholtz
system whose nonlinear term B(v) is orthogonal projection of nonlinear term for Helmholtz system
on the ray generated by vector v. Interest to NPE arised in connection with attempts to find
approaches to solve problem on non local existence of smooth solution for 3D Navier-Stokes
equations.
As it became clear now the studies of NPE has been opened the way to construct the method
of nonlocal stabilization by feedback control for 3D Helmholtz as well as for 3D Navier-Stokes
equations.
First we describe the structure of dynamical flow corresponding to this NPE (see [1]). After,
the non local stabilization problem for NPE by starting control supported on arbitrary fixed subdomain will be formulated. The main steps of solution to this problem will be discussed (see [2]).
At last how to apply this result for solution of nonlocal stabilization problem with impulse control
for 3D Helmholtz system will be explained.
References
[1] Fursikov A. V. On the Normal-type Parabolic System Corresponding to the three-dimensional
Helmholtz System, Advances in Mathematical Analysis of PDEs. AMS Transl.Series 2, 232,
99–118, 2014.
[2] Fursikov A. V., Shatina L. S. Nonlocal stabilization of the normal equation connected with
Helmholtz system by starting control, -ArXiv: 1609.08679v2[math.OC] 26 Feb. 2017, 1–55.
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Large time behavior of a generalized Oseen evolution
operator, with applications to the Navier-Stokes flow past
a rotating obstacle
Toshiaki Hishida
Nagoya University, Japan,
hishida@math.nagoya-u.ac.jp

Consider the motion of a viscous incompressible fluid in a 3D exterior domain D when a rigid
body R3 \ D moves with prescribed time-dependent translational and angular velocities. For the
linearized non-autonomous system, Lq -Lr smoothing action near t = s as well as generation
of the evolution operator {T (t, s)}t≥s≥0 was shown by Hansel and Rhandi [1] under reasonable
conditions. In this presentation we develop the Lq -Lr decay estimates of the evolution operator
T (t, s) as (t − s) → ∞ and then apply them to the Navier-Stokes initial value problem.
References
[1] Hansel, T., Rhandi, A. The Oseen-Navier-Stokes flow in the exterior of a rotating obstacle:
the non-autonomous case, J. reine angew. math., 694, 1–26, 2014.
[2] Hishida, T. Large time behavior of a generalized Oseen evolution operator, with applications
to the Navier-Stokes flow past a rotating obstacle, arXiv: 1706.03344.

11

International Conference The last 60 years of Mathematical Fluid Mechanics:
Longstanding Problems and New Perspectives.
In Honor of Professors Robert Finn and Vsevolod Solonnikov
Vilnius, Lithuania, August 21–25, 2017

Global Stabilization of Navier-Stokes-Voight Equations
and Related Systems by Finiite Number of Feedback
Controllers
Varga K. Kalantarov
Koç University , Istanbul, Turkey
vkalantarov@ku.edu.tr

We introduce a finite-parameters feedback control algorithm for stabilizing solutions of the NavierStokes-Voigt equations and related systems of equations modeling dynamics of viscoelastic fluids.
Stabilization of solutions of these problems is established by introducing a feedback control terms
that employ parameters, such as, finitely many Fourier modes, finitely many volume elements and
finitely many nodal observables and controllers.
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Non-uniqueness of closed non-smooth hypersurfaces with
constant anisotropic mean curvature and self-shrinkers of
anisotropic mean curvature flow
Miyuki Koiso
Institute of Mathematics for Industry, Kyushu University, Japan,
koiso@math.kyushu-u.ac.jp

We study variational problems for surfaces in the euclidean space with an anisotropic surface energy. An anisotropic surface energy is the integral of an energy density which depends on the
surface normal over the considered surface. It was first introduced by Gibbs to model the equilibrium shape of a small crystal. If the energy density is constant one, the anisotropic surface energy
is the usual area of the surface. The minimizer of an anisotropic surface energy among all closed
surfaces enclosing the same volume is unique (up to translations) and it is called the Wulff shape.
Equilibrium surfaces of a given anisotropic surface energy functional for volume-preserving variations are called surfaces with constant anisotropic mean curvature (CAMC surfaces). In general,
the Wulff shape and CAMC surfaces are not smooth. If the energy density satisfies the so-called
convexity condition, the Wulff shape is a smooth convex surface and closed embedded CAMC
surfaces are only homotheties of the Wulff shape. In this talk, we show that if the convexity condition is not satisfied, such a uniqueness result is not always true, and also the uniqueness for
self-shrinkers with genus zero for anisotropic mean curvature flow does not hold in general. These
concepts and results are naturally generalized to higher dimensions.
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On steady Navier–Stokes equations in 2D exterior
domains
Mikhail Korobkov
Voronezh State University, Russia
korob@math.nsc.ru

The talk is based on some recent joint results obtained with R. Russo (University of Caserta,
Italy) and K. Pileckas (Vilnius University).
In the paper [2] the existence theorem was proved for steady NS-system in 2D exterior domains under Amick symmetry conditions (see [1] ). In our talk we discuss further development of
this result, i.e., the existence theorems and asymptotic properties for this system (without symmetry assumptions).
M.K. was supported by the Ministry of Education and Science of the Russian Federation (grant
14.Z50.31.0037).

References
[1] C.J. Amick On Leray’s problem of steady Navier-Stokes ow past a body in the plane, Acta
Math., 161, 71–130, 1988.
[2] Korobkov M.V., Pileckas K., Russo R. The existence of a solution with finite Dirichlet integral
for the steady Navier-Stokes equations in a plane exterior symmetric domain, J. Math. Pures.
Appl., 101 (3), 257–274, 2015. http://dx.doi.org/10.1016/j.matpur.2013.06.002
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Some properties of solutions of the Navier-Stokes
Equations with various types of boundary conditions
Petr Kučera
Institute of Mathematics of the Czech Academy of Sciences, Czech Republic,
petr.kucera@cvut.cz

We solve systems of the Navier-Stokes equations with various types of boundary conditions. We
study qualitative properties of solutions of these systems. Some properties of these solutions, e.g.
local in time existence of strong solutions, are presented. Further, we deal with perturbations of
initial velocities of strong solutions of these systems. We prove that corresponding solutions are
also strong for sufficiently small perturbations in some norms.
References
[1] Kučera P., Neustupa J., On robustness of a strong solution to the Navier-Stokes equations with
Navier’s boundary conditions in the L3 -norm, Nonlinearity, 30, 1564–1583, 2017.
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Steady flow around a two-dimensional rotating body
Mads Kyed1,∗ , Toshiaki Hishida2
1 Technical University Darmstadt, Germany,
∗ kyed@mathematik.tu-darmstadt.de
2 Nagoya University, Japan
I will discuss some new results concerning a steady flow of an incompressible viscous fluid,
which is at rest at spatial infinity, around a two-dimensional body rotating with constant nonzero
angular velocity a 6= 0. In the linearized case, namely the Stokes system in a rotating frame of
reference, every solution decays as |x| → ∞, and the asymptotic profile is known. However,
the constants in the corresponding a apriori estimates exhibit a singular behavior as a → 0. I
will present some new estimates in which this singular behavior is quantified, and discuss how to
employ them in the analysis of the fully non-linear problem.
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The Behavior of Capillary Surfaces along Edges
Kirk Lancaster
Wichita, Kansas, USA,
redwoodsrunner@gmail.com
The behavior of nonparametric capillary surfaces in vertical cylinders has been studied for
centuries and yet new discoveries continue to be made. For capillary surfaces in “tubes” which
might not be vertical cylinders and for sessile drops on a horizontal plane (with variable contact
angle), the situation is even more interesting.
As in [1, 2, 4, 5, 6], we will discuss some of the effects of a lack of smoothness in the geometry
of the container or, for a sessile drop, a discontinuity of the contact angle. The talk will focus on
some of the results in [1]-[6] but will (hopefully) explore other aspects of this topic (e.g. sessile
drops, tubes).
References
[1] Entekhabi, M. (Nora), Lancaster, K. E. Radial limits of bounded nonparametric prescribed
mean curvature surfaces, Pacific Journal of Mathematics, 283(2), 341–351, 2016.
[2] Entekhabi, M. (Nora), Lancaster, K. E. Radial limits of capillary surfaces at corners, Pacific
Journal of Mathematics, 288(1), 55–67, 2017.
[3] Entekhabi, M. (Nora), Lancaster, K. E. Evolution of Central Fans, in preparation.
[4] Lancaster, K. E. A Proof of the Concus-Finn Conjecture, Pacific Journal of Mathematics,
247(1), 75–108, 2010.
[5] Lancaster, K. E. Remarks on the behavior of nonparametric capillary surfaces at corners,
Pacific Journal of Mathematics, 258(2), 369–392, 2012.
[6] Lancaster, K. E., Siegel D. Existence and Behavior of the Radial Limits of a Bounded Capillary Surface at a Corner, Pacific Journal of Mathematics, 176(1), 165–194, 1996; Correction
to figures, Pacific Journal of Mathematics, 179(2), 397–402, 1997.
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Boundary Behavior of a Capillary Surface with Extremal
Contact Angle
Fei-tsen Liang
Institute of Mathematics, Academia Sinica, Taipei, Taiwan,
liang@math.sinica.edu.tw

Let f (x, y) describe a surface of constant mean curvature in Ω which has contact angle 0
along a relatively open piece Σ0 of the boundary arc ∂Ω. Under some assumptions on p and Σ0 ,
if the boundary trace is Lipschitz continuous in a relatively open piece of the boundary arc, then
based on results in [1], around this piece of boundary arc we shall show that the solution is Hölder
continuous of order 1/2 up to the boundary.
b in R2 , which is bounded by two circular arcs Σ−
Furthermore, we consider the moon domain Ω
+
and Σ , of the respective radii 1/2 and R, 1/2 < R < 1, and is characterized by the requirement
b = |Σ+ | − |Σ− |. Consider the vertical cylinder Z over ∂ Ω,
b with the sides Z + and Z − of Z
2|Ω|
b which is of
over the circular arcs Σ+ and Σ− . The moon surface z = fb(x, y) is defined over Ω
+
−
constant mean curvature 1 and meets the sides Z and Z in the respective angles 0 and π. We
shall study the behavior of the moon surface in the neighborhood of the corner points V1 and V2
where Σ+ meets Σ− and show that the radial limit either exists in each direction or does not exist
in any direction. If the radial limit exists in each direction, then the radial limit will be shown to be
strictly decreasing as the direction of approach becomes further away from the tangent direction
of Σ+ at V1 or V2 .

References
[1] R. Finn, Moon surfaces, and boundary behaviour of capillary surfaces for perfect wetting and
nonwetting, Proc. London Math. Soc. (3) 57: 3, 542–576, 1988.
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Mathematical Study on Gaseous Stars
Tetu Makino
Yamaguchi University, Japan,
makino@yamaguchi-u.ac.jp †

Evolution of self-gravitating gaseous stars is governed by the Euler-Poisson equations:
3

∂ρ X ∂
+
(ρv j ) = 0,
∂t
∂xj
j=1

3
 ∂v j X
∂v j  ∂P
∂Φ
+
v k k + j = −ρ j ,
ρ
∂t
∂x
∂x
∂x

j = 1, 2, 3,

k=1

3 
X
∂ 2
Φ = 4πGρ.
∂xj
j=1

Here t ≥ 0, x = (x1 , x2 , x3 ) ∈ R3 . ρ is the density, v = (v 1 , v 2 , v 3 ) is the velocity field. The
pressure P is supposed to be a given function of ρ as P = Aργ , A, γ being positive constants such
that 1 < γ ≤ 2. Φ is the gravitational potential and G is a positive constant.
Mathematical analysis of this system of equations gives rise to difficulties, when we consider compactly supported density distributions. Actually the equations of continuity and motions vanish on the vacuum region. Existence of time-local solutions to the initial value problem for compactly supported density was first established in [1] as an application of the theory
of quasi-linear symmetric hyperbolic systems. But there was a weak point: this study required
ρ(γ−1)/2 ∈ H 3 (R3 ) ⊂ C 1 , but equilibria given by the Lane-Emden equation have finite radii R,
provided that 6/5 < γ ≤ 2, and behave as ρ ∼ Const.(R − r)1/(γ−1) as r → R − 0 so that
ρ(γ−1)/2 ∼ Const.(R − r)1/2 6∈ C 1 . It was suggested that this vacuum boundary affair requires
treatment as a free boundary problem. See [2, p. S223].
After 30 years this point was overcome, at least for spherically symmetric solutions, by [3] as
an application of the Nash-Moser theorem formulated by R. S. Hamilton. Time evolutions of the
form
1
ρ(t, r) = C(t)(RF (t) − r) γ−1 (1 + O(RF (t) − r))
near the vacuum boundary r = RF (t) were established. But a restriction that γ/(γ − 1) be
an integer is required. If we use the formulation of the Nash-Moser theorem by J. T. Schwartz,
we can treat the case in which γ/(γ − 1) is not an integer but 1 < γ < 54/53, while P =
Aργ (1 + O(ργ−1 )) as ρ → +0 but P 6= Aργ exactly. See [4]. Independently Juhi Jang studied
the same problem under wider range of γ. See [5]. She does not use the Nash-Moser theorem but
uses the Hardy inequality.
†

Professor Emeritus
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These results can be extended to the problem in the general theory of relativity, in which the
Einstein-Euler equations govern the evolution of gaseous stars. See [6], [4].
On the other hand, although the structure of spherically symmetric equilibria is well-known,
but it is not the case for axially symmetric stationary solutions of the Euler-Poisson equations
which give mathematical models of uniformly rotating gaseous stars. We have studied them in
[7] and constructed solutions under the assumption that the angular velocity is small and 6/5 <
γ ≤ 3/2. The evolution problem near this uniformly rotating axisymmetric stationary solution,
given by the “distorted Lane-Emden function” so called after [7], is still now under construction
and open.
References
[1] T. Makino, in Patterns and Waves, North-Holland, 459–479, 1986.
[2] T. Nishida, Comm. Pure Appl. Math., 36, 221–238, 1986.
[3] T. Makino, Osaka J. Math., 52, 545–580, 2015.
[4] T. Makino, J. Diff. Equations, 262, 803–843, 2017.
[5] Juhi Jang, Analysis and PDE, 9, 1043–1078, 2016.
[6] T. Makino, Kyoto J. Math., 56, 243–282, 2016.
[7] Juhi Jang and T. Makino, Arch. Rational Mech. Anal., Published online: 11 April 2017.
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Navier-Stokes flow past a rigid body: attainability of
steady solutions as limits of unsteady weak solutions,
starting and landing cases
Paolo Maremonti1,∗ , Toshiaki Hishida2
Università degli Studi della Campania ”L.Vanvitelli”, Italy,
∗ paolo.maremonti@unicampania.it
2 Graduate School of Mathematics, Nagoya University, Japan
1

Consider the Navier-Stokes flow in 3-dimensional exterior domains, where a rigid body is
translating with prescribed translational velocity −h(t)u∞ with constant vector u∞ ∈ R3 − {0}.
Finn raised the question whether his steady solutions are attainable as limits for t → ∞ of unsteady
solutions starting from motionless state when h(t) = 1 after some finite time and h(0) = 0
(starting problem). This was affirmatively solved by Galdi, Heywood and Shibata [1] for small
u∞ . We study some generalized situation in which unsteady solutions start from large motions
being in L(3, ∞). We then conclude that the steady solutions for small u∞ are still attainable
as limits of evolution of those fluid motions which are found as a sort of weak solutions. The
opposite situation, in which h(t) = 0 after some finite time and h(0) = 1 (landing problem), is
also discussed. In this latter case, the rest state is attainable no matter how large u∞ is.
The text of the abstract of paper [2].
References
[1] Galdi G.P., Heywood J. and Shibata Y. On the global existence and convergence to steady
state of Navier-Stokes flow past an obstacle that is started from rest, Arch. Rational Mech.
Analysis, 138, 307-318, 1997.
[2] Hishida T. and Maremonti P. Navier-Stokes flow past a rigid body: attainability of steady solutions as limits of unsteady weak solutions, starting and landing cases, arXiv:1704.00452v1.
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Pseudo-equilibrium grain boundaries
John McCuan1,∗ , Amy Novick-Cohen2
1 Georgia Institute of Technology, USA,
∗ mccuan@protonmail.com
2 Technion, Israel
This work is based on a model for grain boundary evolution in which the interfaces between grains
evolve under mean curvature flow and the grain - vapor interfaces evolve under surface diffusion
flow. The physical systems which inspired this model exhibit both growth and extinction of individual grains. The model exhibits these behaviors as well, though the fundamental geometric
mechanism according to which grain growth and/or extinction occurs remains unclear.
Pseudo-equilibrium configurations are those satisfying some subcollection of the conditions
necessary for equilibrium. For complicated variational problems, especially those in which there
are very few equilibrium configurations or for which necessary and sufficient conditions for equilibrium are not known, classifying and studying families of pseudo-equilibria can sometimes lead
to insights concerning the geometry of the underlying problem. We describe how this approach
may be applied to some simple idealized grain boundaries with symmetry.
References
[1] Derdach, V., Novick-Cohen, A., and Vilenkin, A. Grain Boundary Migra- tion with Thermal
Grooving Effects: A Numerical Approach, J. Elliptic Parabol. Equ, 2(1–2), 389-413, 2016.
[2] Zigelman, A., Novick-Cohen, A., and Vilenkin, A. The influence of the exterior surface on
grain boundary mobility measurements, SIAM J. Appl. Math., 74(3), 819-843, 2014.
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The Muskat problem and related topics
Anvarbek Meirmanov
Yachay Tech University, Ecuador,
ameirmanov@yachaytech.edu.ec
The present talk is devoted to the Muskat problem, which describes the joint motion of two immiscible incompressible liquids (for example, oil and water) in an absolutely rigid solid skeleton.
This physical process is very important from practical point of view and any valuable mathematical model of the process must have real applications. Unfortunately, the oil industry is still using
only the hydrodynamic simulator of the oil reservoirs ”Eclipse”, which based upon the constantly
criticized by applied mathematicians very old Backley-Leverett model.
The Muskat problem consists of two Darcy laws for two different liquids divided by unknown
(free) boundary. It is well known that Darcy is a homogenization of the Stokes equations. But
a numerical homogenization of the joint motion of two immiscible viscous liquids in periodic
structure governed by Stokes equations doesn’t result the Muskat problem [1]. The arising free
boundary problem is the subject of the first part of our talk. A global in time classical solvability
is proved.
Everything is changed if we consider the motion of liquids in elastic skeleton at the pore level.
For the corresponding mathematical model at the pore level and for the homogenized model there
exist unique global in time weak solutions [1]. In the second part of the talk we prove that the free
boundary problem at the pore level has a unique global in time classical solution.
References
[1] Meirmanov Anvarbek, Galtsev Oleg, Zimin Reshat. Free Boundaries in Rock Mechanics,
Walter de Gruyter, Berlin, 2017.
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A numerical approach to the second boundary value
problem for the curvature operator
Ilia Mogilevskii
Tver State University, Russia,
ilia.mogilevski@gmail.com

The boundary value problem is formulated in [1]
∇ϕ
∇· p
− βϕ = f (x0 ),
2
1 + |∇ϕ|

x0 = (x1 , x2 ) ∈ Ω ⊂ R2 ,

∂ϕ
= 0 on ∂Ω.
∂ν
Here Ω is a bounded 2-D domain with smooth boundary, β is a positive constant, ν is the unit
outward normal to ∂Ω, ∇u = (∂u/∂x1 , ∂u/∂x2 ).
∇ϕ
A[ϕ] ≡ ∇ · p
1 + |∇ϕ|2

is the double mean curvature of the surface

Γ = {x3 = ϕ(x0 ), x0 ∈ Ω}. The problem is solved numerically for Ω = {0 < x1 < a, 0 < x2 <
b} by successive approximation method. The operator A is decomposed into linear and nonlinear
parts. A[ϕ] = ∆ϕ + R[ϕ]. The initial approximation ϕ0 is the solution to the Neumann problem
∆ϕ0 − βϕ0 = f,

x0 ∈ Ω,

∂ϕ0
= 0 on ∂Ω.
∂ν

Subsequent approximations ϕn are determined as solutions to the Neumann problems
∆ϕn − βϕn = f − R[ϕn−1 ],

x0 ∈ Ω,

∂ϕn
= 0 on ∂Ω,
∂ν

n = 1, 2, ...

The solution to the Neumann boundary value problem is constructed as a Fourier series.
References
[1] Solonnikov V. A. Solvability of three-dimensional problem with a free boundary for the stationary system of Navier-Stokes equations, Zapiski nauchnykh seminarov LOMI, 84, 252–285,
1979 (in Russian); English transl.: Journal of Soviet Mathematics, 21(3), 427–450, 1983.
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Decay estimates of solutions for the
Navier-Stokes-Korteweg system in RN
Miho Murata1,∗ , Yoshihiro Shibata2
1 Kanagawa University, Japan,
∗ m-murata@kanagawa-u.ac.jp
2 Waseda University, Japan
In this talk, we consider the Navier-Stokes-Korteweg system in RN :


in RN , t ∈ (0, T ),
 ∂t ρ + div (ρu) = 0
ρ (∂t u + u · ∇u) − Div (S + K) + ∇P (ρ) = 0 in RN , t ∈ (0, T ),

 (ρ, u)|
in RN .
t=0 = (ρ∗ + ρ0 , u0 )

Here ρ, u and P denote the density, velocity and pressure of fluid, respectively. The viscous
stress tensor S and the Korteweg stress tensor K are S = 2µD(u) + (ν − µ)div uI, and K =
(κρ∆ρ+κ/2|∇ρ|2 )I−κ∇ρ⊗∇ρ with I the N ×N identity matrix and D(u) = {∇u+(∇u)T }/2,
µ, ν are viscosity coefficients, and κ is a capillary coefficient. ρ∗ is a positive constant. This system
was first introduce by Korteweg D. J.[1] and Van der Waals J. D.[2].
It is shown that the system admits a unique, global strong solution for small initial data in
the Lp in time and Lq in space setting. For the purpose, the main tools are the maximal Lp -Lq
regularities and Lp -Lq decay properties to the linearized equations.
References
[1] Korteweg D. J. Sur la forme que prennent les équations du mouvement des fluides si l’on
tient compte des force capillaires causées par des variations de densité considérables mais
continues et sur la théorie de la capillarite dans l’hypothèse d’une variation continue de la
densité, Archives Néelandaises des sciences exactes et naturelles, Ser 2(6), 1–24, 1901.
[2] Van der Waals J. D. Théorie thermodynamique de la capillarité, dans l’hypothèse d’une variation continue de la densité, Archives Neérlandaises des sciences exactes et naturelles XXVIII,
121–209, 1893.
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Qualitative properties of solutions to elliptic
and parabolic equations with divergence-free
lower-order coefficients
Alexander Nazarov
St. Petersburg Dept of Steklov Institute and St. Petersburg State University, Russia,
al.il.nazarov(at)gmail.com

We consider uniformly elliptic and uniformly parabolic equations of divergence type:

Lu ≡ −Di aij (x)Dj u + bi (x)Di u = 0;
(DE)

Mu ≡ ∂t u − Di aij (x; t)Dj u + bi (x; t)Di u = 0
(DP)

with additional structure condition

div (bi ) ≤ 0

in the sense of distributions.

(1)

The equations with the lower-order coefficients satisfying this structure condition arise in some
applications, in particular, in hydrodynamics.
We deal with classical properties of solutions, namely, strong maximum principle, Hölder
estimates, the Harnack inequality and the Liouville Theorem. We show that under condition (1)
the assumptions on (bi ) which ensure these properties can be considerably weakened in the scale
of Morrey spaces.
This talk is based on a joint paper with Nina N. Ural’tseva, see [1]. Author was supported by
RFBR grant 15-01-07650.
References
[1] Nazarov A. I., Ural’tseva N. N., The Harnack inequality and related properties for solutions
to elliptic and parabolic equations with divergence-free lower-order coefficients, Algebra&
Analysis, 23(1), 136–168, 2011. (Russian). English transl.: St. Petersburg Math. J. 23(1),
93–115, 2012.
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Application of the relative entropy inequality in moving
domains
1

Šárka Nečasová1,∗ ,
Institute of Mathematics of the Academy of Sciences of the Czech Republic, Czech Republic,
∗ matus@math.cas.cz

The relative energy inequality was introduced by Dafermos [1] and in the fluid context introduced by Germain [5]. Deriving the relative energy inequality for sufficient smooth test functions and proving the weak-strong uniqueness it gives us very powerful and elegant tool for the
purpose of measuring the stability of a solution compared to another which has a better regularity. This method was developed by E. Feireisl, A. Novotny and co-workers in the framework of
singular limits problems (see for example [2], [3] and [4]). The aim of the lecture is the application ofthe weak-strong uniqueness to the case of the compressible Navier-Stokes system in the
time-dependent domain and to the case of motion of rigid body in a bounded domain filled by
incompressible fluid. For more details see [6] and [7].
References
[1] Dafermos C. M. The second law of thermodynamics and stability, Arch. Rational Mech. Anal.,
70, 167–179, 1979.
[2] Feireisl E., Novotný, A. Singular Limits in Thermodynamics of Viscous Fluids, Birkhäuser,
Basel, 2009.
[3] Feireisl E., Jin, B. J., Novotný, A. Relative Entropies, Suitable Weak Solutions and WeakStrong Uniqueness for the Compressible Navier-Stokes System, Journal of Mathematical
Fluid Mechanics, 14, 717–730, 2012.
[4] Feireisl E., Nečasová Š., Sun, Y. Inviscid incompressible limits on expanding domains, Nonlinearity, 27(10), 2465–2478, 2014.
[5] Germain P. Weak-strong uniqueness for the isentropic compressible Navier- Stokes system, J.
Math. Fluid. Mech., 13(1), 137–146, 2011.
[6] Chemetov, N., Nečasová Š., Muha, B. Weak-strong uniqueness for fluidrigid body interaction
problem with slip boundary condition, Preprint, 2017.
[7] Kreml O., Nečasová Š., Piasecki T. Weak-strong uniqueness for compressible Navier-Stokes
system with slip boundary conditions on time dependent domains, Preprint, 2016.
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Martingales and mean curvature
Robert Neel
Lehigh University, USA,
robert.neel@lehigh.edu
Surfaces of prescribed (including constant and zero) mean curvature are natural objects of interest when discussing equilibrium states of fluids. Such surfaces are also frequently amenable
to methods of stochastic analysis, largely due to the fact that the mean curvature vector appears
naturally in the semimartingale decomposition in the ambient space of Brownian motion on the
surface. In this talk, we discuss this connection, especially applications to classical minimal surfaces, as developed in [2], [1], and [4] (see also [3] for a survey targeted at geometers).
References
[1] Neel R. W. Brownian motion and the parabolicity of minimal graphs, arXiv:0810.0669v1.
[2] Neel R. W. A martingale approach to minimal surfaces, J. Funct. Anal., 256(8), 2440–2472,
2009.
[3] Neel R. W. Stochastic methods for minimal surfaces, in: Geometric analysis: partial differential equations and surfaces, Contemp. Math., vol. 570, Amer. Math. Soc., Providence, RI,
111–136, 2012.
[4] Neel R. W. On Parabolicity and Area Growth of Minimal Surfaces, J. Geom. Anal., 23(3),
1173–1188, 2013.

28

International Conference The last 60 years of Mathematical Fluid Mechanics:
Longstanding Problems and New Perspectives.
In Honor of Professors Robert Finn and Vsevolod Solonnikov
Vilnius, Lithuania, August 21–25, 2017

On the structure of the set of stationary solutions to the
equations of motion of a class of generalized Newtonian
fluids
Jiřı́ Neustupa
Czech Academy of Sciences, Institute of Mathematics, Czech Republic,
neustupa@math.cas.cz

We deal with the steady–state equations of motion of the generalized Newtonian fluid in a bounded
domain Ω ⊂ RN , when N = 2 or N = 3. Applying the tools of nonlinear analysis (Smale’s
theorem, properties of Fredholm operators, etc.), we show that if the dynamic stress tensor has
the so called 2–structure then the solution set is finite and the solutions are C 1 –functions of the
external volume force f for generic f . We also derive a series of properties of related operators in
the case of a more general (p, δ)–structure, show that the solution set is compact if p > 3N/(N +
2) and explain why the same method as in the case p = 2 cannot be applied in the case of general
p.
References
[1] Neustupa J., Siginer D. Structure of the set of stationary solutions to the equations of motion
of a class of generalized Newtonian fluids, Preprint Math. Inst. CAS No. IM-2017-12.
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Instability of compressible Poiseuille flow and traveling
waves
Takaaki Nishida1,∗ , Yoahiyuki Kagei2
1 Kyoto University, Japan,
∗ tkknish@acs.i.kyoto-u.ac.jp
2 Kyushu University, Japan
The evolutional stability of the Poiseuille flow of compressible viscous fluids is obtained in [1]
under the smallness condition of both Reynold number and Mach number. If the Mach number is
not small, a linear instability occurs for much smaller Reynolds number compared with the linear
critical Reynolds number of incompressible Poiseuille flow [2].
The instability gives the bifurcation of periodic traveling waves for the nonlinear system [3].
References
[1] Kagei Y. Asymptotic behavior of solutions to the compressible Navier-Stokes equation around
a parallel flow, Arch. Rational Mech. Anal., 205, 585–650, 2012.
[2] Kagei Y. and Nishida T. Instability of plane Poiseuille flow in viscous compressible gas, J.
Math. Fluid Mech., 17, 129–143, 2015.
[3] Kagei Y. and Nishida T. Traveling waves bifurcating from plane Poiseuille flow of the compressible Navier-Stokes equation, preprint, 2016.
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Study of unsteady flow near a critical point
Anna Petrova1,∗ , Oxana Frolovskaya2
Altai State University, Barnaul, Russia,
∗ annapetrova07@mail.ru
2 M.A. Lavrentyev Institute of Hydrodynamics, SB RAS, Novosibirsk, Russia
1

Many works (see the classical results in [1]) have been dedicated to the problem of the flow of
a viscous incompressible liquid near a critical point, i.e., the flow around a wall perpendicular
to the flow. Its exact stationary solution was obtained by Hiementz in 1911. We investigate the
problem of unsteady flow of a viscous incompressible liquid near a critical point on a planar
boundary. The problem reduces to the solving of the following initial-boundary value problem for
integrodifferential equation
Z y
2
qt + q − qy
q(s, t)ds − 1 = qyy , y > 0, t > 0;
0

q(y, 0) = q0 (y),

t ≥ 0;

q(0, t) = 0,

t > 0;

q → 1,

y → ∞,

t > 0.

A theorem on the existence and uniqueness of its solution in Holder classes of functions on an arbitrary time interval with natural restrictions on the initial function is proved. The main difficulties
in the proof of the solvability theorem is the quadratic nonlinearity, and also the unboundedness
of the region and the presence of a divergent integral in front of the first derivative with respect
to the first derivative with respect to the spatial variable. Qualitative properties of the solution are
investigated. Results of a numerical analysis demonstrate the possibility of disappearance after
a finite time of a counterflow zone existing at the initial time in the case of a negative pressure
gradient at the hard plane. In the case when the pressure gradient is a periodic function, a periodic
regime of motion as well as breakdown of the solution after a finite time is possible [2].
Self-similar unsteady solutions describing plane and axisymmetric viscous incompressible
fluid flows in the vicinity of a stagnation point located on the solid boundary are constructed. Fluid
flow regimes from infinity to the stagnation point and from it are considered. The problem under
consideration depends on two parameters. As a result, two different flow regimes are obtained [3].
Similar questions arise in the study of the problems of motion of the Maxwell medium [4].
The work was supported by RFBR grant N 16-01-00127 ”Non-linear effects in the dynamics
of viscoelastic Maxwell media” .
References
[1] Schlichting H. Boundary Layer Theory, McGraw–Hil, New York, 1974.
[2] Petrova A. G., Frolovskaya O. A., Pukhnachev V. V. Analytical and numerical investigation
of unsteady flow near a critical point, Journal of Applied Mathematics and Mechanics, 80(3),
207–278, 2016.
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[3] Frolovskaya O. A. Unsteady self-similar viscous flow near a stagnation point, Journal of Applied Mechanics and Technical Physics, 57(3), 391–395, 2016.
[4] Meleshko S. V., Moshkin N. P., Pukhnachev V. V. The plane-parallel flow of a viscoelastic
Maxwell fluid near the critical point, Proceedings of MAK–2016, Barnaul, Altai State University, 59-61, 2016(In Russian).
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Nonlinear waves in the Maxwell continuum
V.V. Pukhnachev
Lavrentyev Institute of Hydrodynamics, Siberian Division of the Russian Academy of Sciences,
and Novosibirsk State University, Novosibirsk, Russia,
pukhnachev@gmail.com

Wave processes in incompressible visco-elastic Maxwell medium are considered. They are described by system of quasi-linear equations of composite type. A class of solutions is selected,
for which this system gets disintegrated on hyperbolic and elliptic parts. Depending on the choice
of objective derivative in equation of state, there are possible layered flows with either strong or
weak discontinues.
If we choose Jaumann derivative for objective derivative, then equations of layered motions
are identically equal to inviscid gas dynamics equations with non-convex equation of state. This
complicates solution to Riemann problem about breakup of discontinuity. In case of upper or
lower convective derivative equations of layered motions are linear and coincide with equations of
string of variable density.
On the basis of effectively one-dimensional models with upper or lower convective derivatives
in rheological relation, non-stationary motions near the critical point are studied. Transition to
Lagrange coordinates allows us to formulate initial-boundary value problem for symmetrical in
sense of Friedrichs hyperbolic system. This system belongs to class of weakly non-linear hyperbolic systems, studied by Yanenko. It doesnt admit strong discontinues in motions, while solutions
with weak discontinues are possible.
In general three-dimensional case characteristics of system of equations of the 10th order
are calculated. They are comprised by two complex characteristics, fourfold contact characteristics and four wave characteristics. Under the choice of Jaumann derivative and lower convective
derivative, there exist two different speeds of nonlinear shear waves propagation, while in case of
upper convective derivative in rheological relation they coincide.
Relaxation time τ enters as coefficient at higher derivative in the behavior law, which is the
cause for appearing pulsations in non-stationary problems. This is well illustrated on example
of linearized problem, for which the problems for finding fields of velocity, stress and pressure
are separated. Here an unexpected result is fast stabilization of pressure field at τ → 0 on the
background of high-frequency oscillations of velocity vector.
As for stationary problem, there was build asymptotic decomposition with respect to small
relaxation time τ , which does not contain functions of boundary layer type. Typical example is a
problem on stationary flow near the critical point. Its solution when relaxation time approaches
zero transits to well-known Hiemenz solution.
The case of large relaxation times is interesting for the fact that limit model at τ → ∞ admits
Lie pseudo-group significantly wider than the initial one. On the basis of invariant solutions of
limit system there were built approximate solutions to initial system in form of the power series in
1/τ powers.
The work is supported by Russian Foundation for Basic Research (project 16-01-00127).
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Stable mild Navier-Stokes solutions
Reimund Rautmann
Paderborn, Germany,
rautmann@uni-paderborn.de

In the talk we will consider a variant of Kato-Fujita’s and Giga-Miyakawa’s approximation schemes:
By iterative solution of linear singular Volterra integral equations, on any compact time interval J,
again we find the existence of a unique mild Navier-Stokes solution in any smoothly bounded domain Ω ⊂ Rn , n ≥ 2, under smallness conditions. Moreover we get the stability of each (possibly
large) mild solution inside a scale of Banach spaces which are imbedded in some C 0 (J, Lr (Ω)),
1 < r < ∞.
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General Inverse Problems with Linear Functional
Constraints and Some Applications
José Francisco Rodrigues
CMAF-IO / Cincias / ULisboa, Portugal,
jfrodrigues@ciencias.ulisboa.pt

In this work, in collaboration with Simo Correia, we consider an abstract initial value problem for
an equation with linear operators A and B in Hilbertian frameworks of the type
Bu0 (t) + Au(t) = q(t)ζ(t) + f (t)

(1)

subjected to linear constraints, defining continuous time controls,
hz(t), u(t)i = F (t), t ∈ (0, T ),

(2)

where the unknown pair (u, q) is uniquely determined by the given data f, z, ζ and F .
As examples of applications, when B is the identity, we consider the Poiseuille flow in a open
valley model with prescribed flux and pointwise controls in the domain for higher order problems.
The case of a pseudoparabolic partial differential equation arising in seepage of fluids through a
fissured rock and another model on the heat equation with dynamic and diffusion conditions on
the boundary complete our applications.
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Solution of boundary value problems for surfaces of
prescribed mean curvature H(x, y, z) via the continuity
method
Friedrich Sauvigny
Brandenburgische Technische Universität Cottbus – Senftenberg
Platz der Deutschen Einheit 1, D-03046 COTTBUS, Germany
sauvigny@b-tu.de
Dedicated to Professor Dr. Robert Finn in very hight respect

Since more than a century minimal surfaces and capillarity phenomena as well as surfaces of
prescribed mean curvature are in the center of mathematical interest (see [5], [2], [1]). When we
consider surfaces of prescribed mean curvature H with a one-to-one orthogonal projection onto a
plane, we have to study the nonparametric H-surface equation. E. Heinz proposed in his paper [4]
to introduce conformal parameters into these surfaces and study F. Rellich’s H-surface-system.
The essential step to receive a compactness result for this class of surfaces consists of the area
estimate by R. Finn [3]. He originally established this method for equations of minimal surface
type. This estimate has been generalized to H-surfaces by E. Heinz. Via the Courant-Lebesgue
lemma we can establish a modulus of continuity and thus linearize the nonlinear elliptic H-surface
system by the gradient estimate of E. Heinz (see [7] Chapter 12).
Now the H-surfaces with a one-to-one central projection onto a plane lead to an interesting
elliptic differential equation, which has been invented by T. Radó [6] in the case H = 0. We
establish the uniqueness of the Dirichlet problem for this H-surface equation in central projection. Moreover, we develop an estimate for the maximal deviation of large H-surfaces from their
boundary values, resembling an inequality by J. Serrin [11]. Then we provide a Bernstein-type result for the case H = 0 and classify the entire solutions of the minimal surface equation in central
projection.
Now we solve the Dirichlet problem for H = 0 by a variational method. In the central
part [9] we solve the Dirichlet problem for nonvanishing H via a nonlinear continuity method.
Here we use a differential equation for the normal to these surfaces [8] in order to preserve the
property of one-to-one central projection. Furthermore, we construct large H-surfaces (compare
the result [12] by M. Struwe) bounding extreme contours by an approximation. Finally, we solve
the Dirichlet problem on strictly convex domains for the nonparametric H-surface equation in
central projection with the aid of a maximum principle [10] for H-surfaces in the unit cone.
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Asymptotic Problems in Capillarity
David Siegel
University of Waterloo, Canada,
dsiegel@uwaterloo.ca
Since the earliest interest in equilibrium fluid confguraions, asymptotic problems have attracted attention, [2]. We will survey rigorous asymptotic results for axisymmetric problems,
liquid inside or outside a narrow vertical cylindrical tube, and for non-axisymmetric problems in
which the domain has a corner or cusp and the fluid interface is unbounded, [1], [3], [4] and [5].
Many challenging problems remain.
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A regularity criterion for the Navier-Stokes equations in
terms of one item of the velocity gradient
Zdenek Skalak
Institute of Mathematics of the Academy of Sciences of the Czech Republic, Czech Republic,
zdenek.skalak@cvut.cz

We study the conditional regularity of solutions to the Navier-Stokes equations in the whole threedimensional space. In our presented criterion we impose additional assumptions only on one item
of the velocity gradient, ∂1 u3 , where u = (u1 , u2 , u3 ) is the velocity. For the proof of our result
we use conveniently the anisotropic Lebesque spaces and a suitable version of the Troisi inequality
- see [1].
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Some remarks about the Helmholtz-decomposition in
domains with boundary singularities
1

Maria Specovius-Neugebauer1,∗ , Damian Bartocha1
Institute of Mathematics, University of Kassel, Germany,
∗ specovi@mathematik.uni-kassel.de

Decompositions of vector fields into a solenoidal part and a gradient field, u = u0 + ∇p, play an
essential role in the theory of Navier-Stokes equations. They are constructed by solving special
weak Laplace-problems for the function p. If we choose a weak Neumann condition for p this
decomposition is usually called the Helmholtz-decomposition. By combining well known results
for elliptic boundary value problems with duality arguments and garnishing this menu with some
technical tricks it is possible to construct Helmholtz decompositions for domains with various
types of boundary singularities - including a control over the asymptotic behaviour of p.
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Mathematical justification of
basic equations of nonlinear acoustics
Atusi Tani
Keio University, Japan,
tanil@math.keio.ac.jp
Broadly speaking, the branch of fluid mechanics known as acoustics can be defined as the study
of irrotational compressible flow.
If the signal strengths involved are relatively weak and the propagation distances of interest are
relatively short, then the inherently nonlinear system of equations that describe sound propagation
can, often to rather good accuracy, be approximated by linear PDEs.
In contrast, when the problems of interest involve ‘finite-amplitude’ acoustic signals and/or
extreme propagation distances, simple linear theory usually proves to be inadequate. This occurs
because the effects of nonlinearity, being both present in the fundamental equations of fluid flow
and cumulative in nature, rapidly become felt over time and distance. As such, it would appear that
we are compelled, when confronted with such problems, to set aside our simple linear models in
favor of there fully nonlinear, and thus more challenging, counterparts. There is, however, another
possibility; the so-called weakly nonlinear modeling approach. By this we mean the derivation
of approximate equations of motion, which are based on the ‘small, but finite-amplitude’ (i.e.,
small Mach number) assumption, from the irrotational Euler and Navier–Stokes–Fourier systems
that, while relatively tractable from the mathematical standpoint, still capture the salient nonlinear
phenomena exhibited by compressible flows.
In this communication, we are concerned with some basic concepts and modern investigations
of nonlinear and thermoviscous phenomena in acoustic fields in fluids. The contents of my talk
are as follows:
• To derive basic equations of sound mode from irrotational viscous compressible Navier–
Stokes equations through a weak approximation; new basic equation similar to the equations due to Kuznetsov [1] and Blackstock [2] is derived from the real approximation standpoint;
• Global-in-time existence of a small solution to viscous compressible Navier–Stokes equations with specific pressure and temperature;
• Global-in-time existence of a small solution to the new equation mentioned above;
• Justification of the approximation.
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On the classification and asymptotic behavior of the
symmetric capillary surfaces
Ray Treinen
Texas State University, USA,
rt30@txstate.edu

We consider the symmetric solutions to the Young-Laplace equation, and its extensions past vertical points. We provide a classification of all symmetric solutions using certain families of parameters. This classification produces a unified approach to fluid interfaces in capillary tubes, sessile
and pendent drops, liquid bridges, as well as exterior and annular capillary surfaces. The generating curves for the symmetric solutions have asymptotes for large arclengths, and the behavior of
these asymptotes is analyzed.
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Quasilinear obstacle problems in bad domains
Maria Agostina Vivaldi
Dipartimento di Scienze di Base e Applicate per l’Ingegneria,
“Sapienza” Università di Roma, Italy,
maria.vivaldi@sbai.uniroma1.it

In this talk I will focus the attention on obstacle problems involving p-Laplace type operators
in domains with fractal boundary, corresponding pre-fractals problems, smoothness properties,
asymptotic behavior, FEM-approximation and the error estimates.
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Stability of Delaunay Surface Solutions to Capillary
Problems
Thomas I. Vogel
Texas A&M University, USA,
tvogel@math.tamu.edu
The relation between stability and local energy minimality will be outlined. This will be
specialized to capillary surfaces, and in particular to Delaunay surfaces. The same Delaunay
surface can solve different capillary problems with different boundary conditions. Stability of the
surface in these different problems will be explored. In particular, the stability of a liquid bridge
between parallel planes will be related to the stability of a liquid bridge between solid balls. This
is a summary of research spanning several decades, starting from [1] and continuing until [2].
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